Abstract. Solutions of Hitchin's self-duality equations corresponds to special real sections in the Deligne-Hitchin moduli space -twistor lines. A question posed by Simpson in 1997 asks whether all real sections give rise to global solutions of the self-duality equations. An affirmative answer would allow for complex analytic procedure to obtain all solutions of the self-duality equations. The purpose of this paper is to construct counter examples given by certain (branched) Willmore surfaces in 3-space (with monodromy) via the generalized Whitham flow. Though these higher solutions do not give rise to global solutions of the self-duality equations on the whole Riemann surface M , they are solutions on an open dense subset of it. This suggest a deeper connection between Willmore surfaces, i.e., rank 4 harmonic maps theory, with the rank 2 self-duality theory.
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Introduction
The starting point of our investigations are Hitchin's self-duality equations on a compact Riemann surface [18] 
where F ∇ is the curvature of a special unitary connection ∇ on a rank 2 hermitian bundle V over the Riemann surface M , and Φ is a (1, 0)-form with values in the trace-free endomorphism bundle End 0 (V ). This is a 2-dimensional reduction of the self-dual Yang-Mills equations which is invariant under the (unitary) gauge group and though it cannot be explicitly solved so far, the moduli space M of solutions possesses a very rich geometric structure.
For Riemann surfaces of genus g ≥ 2 Hitchin [18] showed that M is a smooth manifold of dimension 12g − 12 when restricting to irreducible solutions. Moreover, irreducible solutions are uniquely determined by the Higgs pair (∂ ∇ , Φ) up to unitary gauge transformations. From this perspective Φ is a holomorphic End 0 (V )-valued 1-form for the holomorphic vector bundle (V,∂ ∇ ), and the irreducibility of the solution translates to the stability of the Higgs pair: Φ-invariant holomorphic line subbundles of V have strictly negative degree. Conversely, Hitchin has shown that every stable Higgs pair gives rise to an irreducible solution of the self-duality equations. Therefore, there exist a 1 : 1 correspondence between the moduli spaces of stable Higgs pairs and irreducible self-duality solutions -the Hitchin-Kobayashi correspondence. By construction, the moduli space of stable Higgs bundles (∂ ∇ , Φ) is a holomorphic symplectic manifold containing the cotangent space of the moduli space of stable holomorphic bundles as an open dense subset. Thus through the Hitchin-Kobayashi correspondence (the smooth part of) M inherits a complex structure I.
From another point of view it was observed that the connection ∇+Φ+Φ * is flat. Donaldson [7] , using Eells and Sampson's [8] heat flow construction, showed that every irreducible flat SL(2, C)-connection uniquely determines a solution of the self-duality equations (up to gauge-equivalence). Since the moduli space of irreducible flat SL(2, C)-connections is again a holomorphic symplectic manifold, M naturally inherits a second complex structure J. Composing the two complex structures, a third complex structure K is obtained rendering M into a hyper-Kähler manifold: the three complex structures anti-commute and are Kähler with respect to the same natural L 2 -metric.
The transition between the different pictures and thus the dependence of the different complex structures of M on each other is not well understood, except in the case where the underlying Riemann surface is a torus. The construction of the Deligne-Hitchin moduli space M DH → CP 1 [30, 31] is an effort to interpolate between these pictures using a parameter λ ∈ CP 1 , where the Higgs pair can be found at λ = 0 and the flat connection ∇ + Φ + Φ * at λ = 1. It is constructed such that the so-called associated family of flat connections (0.1) λ ∈ C * −→ ∇ λ := ∇ + λ −1 Φ + λΦ * ,
gives rise to a holomorphic section of M DH → CP 1 of a particularly simple form: it satisfies a reality condition and gives rise to a so-called twistor line when identifying M DH → CP 1 with the twistor space of M, see [30] . A natural question, due to Simpson [30] , is whether all real sections are twistor lines, i.e., whether they all give rise to solutions of Hitchin's self-duality equations. As noted by Simpson, an affirmative answer would allow, at least "philosophically", for a complex analytic procedure to obtain all solutions of the self-duality equations.
The purpose of this paper is to give a negative answer to this question by constructing counter examples arising from certain Willmore surfaces. Willmore surfaces are critical points of the Willmore functional (0.4). They have been studied via integrable systems techniques, see for example in [9, 4] . We adjust the generalized Whitham flow for constant mean curvature (CMC) surfaces in 3-space developed in [12] to flow from equivariant Willmore cylinders discovered by Babich and Bobenko [2] to Willmore surfaces of higher genus. The key observation here is that the Babich-Bobenko examples solve Hitchin's self-duality equations away from their umbilic lines, i.e., as solutions to the self-duality equations they are not globally well-defined on a torus. On the other hand, by interpreting these solutions as Willmore surfaces via the corresponding rank 4 harmonic maps theory these singularities disappear hinting at a deeper link between these two theories.
Harmonic maps from surfaces into the round 3-sphere were studied by Hitchin [17] , including minimal surfaces in the 3-sphere and (non-conformal) harmonic maps into a totally geodesic 2-sphere. The latter are exactly the Gauss maps of CMC surfaces in 3-space, where the metric satisfies the Sinh-Gordon equation. The harmonicity of the map translates in the gauge theoretic set up to The equations and the associated family differ from those of the self-duality equations only by a sign, as solutions of the self-duality equations give rise to (equivariant) harmonic maps into hyperbolic 3-space.
Hitchin [17] , and independently Pinkall-Sterling [26] and Bobenko [4] , conducted a deep and systematic investigation of these integrable surfaces using variants of the associated family of flat connections (0.3). This approach has been particularly successful for compact surfaces of genus 1, while its generalization to higher genus faced significant difficulties. The existence of the solutions (∇, Φ) of the equations (0.2) on M (rather than on its universal covering) is equivalent to the intrinsic closing condition
•∇ λ is unitary for λ ∈ S 1 .
This condition also ensures that the solution gives well-defined curvature functions on M satisfying the corresponding Gauss-Codazzi equations. To obtain a well-defined harmonic map from M into the 3-sphere the extrinsic closing condition needs to be satisfied, i.e.,
• the connections∇ ±1 have trivial monodromy.
For CMC surfaces in the 3-sphere, which are not harmonic themselves unless their mean curvature vanishes, the extrinsic closing conditions are that∇ λ i is trivial for two distinct points λ i ∈ S 1 . In contrast to the moduli space of self-duality solutions, the moduli space of harmonic tori into the 3-sphere has a complicated structure of a stratified space.
In view of constructing counter examples to Simpson's question for the self-duality equations, we are interested in solution where the Riemann surface M has genus g ≥ 2. The theory for these higher genus harmonic maps to S 3 is very different from the classical spectral curve theory for harmonic tori. For g ≥ 2 the connections∇ λ are irreducible for generic λ [14] , i.e., maps into the smooth part of the moduli space of flat connections, while the closing conditions demand∇ λ to be reducible at λ = ±1. Therefore, higher genus harmonic maps no longer satisfy that the gauge equivalence classes of∇ λ is either contained in the regular or singular part of the moduli space of flat connections for all λ ∈ C as in the case of self-duality solutions.
The first glimpse that an integrable systems approach for higher genus harmonic maps might still work can be found in the series of papers by the second author [14, 15, 16] where concepts from Higgs bundle theory have been applied to the study of harmonic maps into the 3-sphere. In particular, it is shown that the map λ →∇ λ is already determined by its induced map
into the moduli space of flat connections A 2 modulo a finite dimensional freedom given by special λ-dependent gauge transformations. This freedom is given by so-called dressing transformations and is linked to the existence of reducible connections∇ λ for some λ ∈ C * \ S 1 . Going one step further, A 2 can be projected to the moduli stack of holomorphic bundles by considering the induced holomorphic structure of a flat connection.
As two flat connections with the same induced holomorphic structure differ by a Higgs field Ψ, the moduli space of flat connections is an affine bundle over the moduli space of holomorphic structures, at least over its smooth part. Because of the intrinsic closing condition, the projected map to the moduli stack of holomorphic bundles already contains the same informations as D. But in order to obtain closed CMC surfaces and harmonic maps we need it to be explicit enough to ensure the existence of trivial gauge classes [∇ λ i ] for two λ i ∈ S 1 .
To overcome this problem we (in joint work N. Schmitt) have set up a deformation theory -the generalize Whitham flow -from CMC tori towards (symmetric) higher genus CMC surfaces [12] . This gives a way to interpolate between compact CMC surfaces of different genera by dropping one extrinsic closing condition. The idea is to flow between different Lawson surfaces and their corresponding fundamental piece, a solution of the Plateau problem with a polygonal boundary curve in S 3 . The surface is then generated by rotating and reflecting the fundamental piece. The flow parameter is proportional to the angle between the boundary arcs which can be encoded as a local monodromy of the connections∇ λ . By design the surfaces during the flow close up to compact but (possibly) branched minimal (CMC) surfaces for rational angles, and at discrete angles immersed surfaces of genus g > 1 are obtained. In [12] the short time existence of the flow is shown starting at families of particularly well understood initial CMC tori. Moreover, computer experiments conducted in [13] give evidence for the long time existence of the flow and map out the moduli space of symmetric and (Alexandrov) embedded CMC surfaces of genus 2. From a higher perspective we can reinterpret the integrable systems approaches to harmonic tori and compact CMC surfaces of higher genus: compact (not totally umbilical) CMC surfaces are determined (up to dressing transformations) by real sections of the Deligne-Hitchin moduli space with respect to the real structure on M DH covering λ →λ −1 on CP 1 .
Replacing the underlying rank 2 bundle V of [17] by a rank 4 complex vector bundle V 4 an integrale systems theory for constrained Willmore surfaces in S 4 is obtained [5] . These are critical points of the Willmore functional
for immersions into S 4 under variations preserving the conformal structure of the map. Here H denotes the mean curvature vector of the immersion and dA is the induced area element. Minimal and CMC surfaces in a 3-dimensional space form give the first examples of constrained Willmore surfaces. By viewing these surfaces as constrained Willmore surfaces there is no distinction between the CMC surfaces in hyperbolic space H 3 and in the other space forms as opposed to their rank 2 description, see [10] . Babich and Bobenko [2] constructed smooth Willmore tori by gluing two minimal surfaces in H 3 along the infinity boundary S 2 . These minimal surfaces come from local solutions of the self-duality equations with singularities where the surface intersects the infinity boundary of the hyperbolic 3-space.
If we consider only surfaces inside (a conformal) S 3 ⊂ S 4 , then the family of flat SL(4, C)-connections comes with an additional symmetry σ with
. Moreover, by parametrizing the associate family for constrained Willmore tori in 3-space using the quotient λ ∈Σ = Σ/σ instead of µ the family splits into the direct sum of two (gauge equivalent) rank 2 families of flat connections, see [10] . More generally, we conjecture that all sections (for Riemann surfaces M of arbitrary genus) corresponding toΣ-families (for a hyper-ellipticΣ of positive genus) satisfying the self-duality reality condition are local but not global self-duality solutions. Hence they do not induce twistor lines. It is interesting to note that as a solution of the rank 2 theory these examples have singularities, which are removed by putting them into the rank 4 framework.
In order to construct the real sections of the Deligne-Hitchin moduli space which do not correspond to twistor lines, we start with Willmore surfaces of Babich-Bobenko type. We show that they correspond to families of flat connections satisfying the reality condition of the self-duality equations. Then we flow these initial families with the generalized Whitham flow introduced in [12] towards higher genus surfaces. At rational times ρ we obtain the desired counter examples of high genus. In order to avoid singular points of the moduli space, i.e., reducible flat connections, we drop the extrinsic closing condition of the surfaces and fix the spectral curve Σ of the initial surface instead. When applied to solutions of spectral genus 0, the flow yields global (Z g+1 -symmetric) solutions of the selfduality equations. Therefore, we call these new real sections (corresponding to Willmore tori of spectral genus 1) higher solutions of the self-duality equations. They turn out to solve the self-duality equations on an open and dense subset of the Riemann surface M .
There are in fact two types of real sections covering the antipodal involution λ → −λ −1 of CP 1 corresponding to the two real subgroups SU(2) and SL(2, R) of SL(2, C). The SL(2, R)-case corresponds to harmonic maps into the space of oriented circles in the 2-sphere, and examples are constructed in [3] . But in contrast to the examples constructed here, those differ from twistor lines by a topological quantity, see Section 1.3, and therefore they do not give (even locally) solutions of the self-duality equations.
The paper is organized as follows. We first introduce the notion and the most important properties of the Deligne-Hitchin moduli space M DH and the twistor lines in Section 1. In Section 2 we describe the families of flat connections leading to Babich-Bobenko type Willmore surfaces, and show that they induce negative real sections in M DH . In section 3 we show how families of flat connections ∇ λ on the 4-punctured sphere, with additional boundary conditions encoding the local monodromy of ∇ λ at the punctures, give rise to symmetric real sections of M DH on a surface of higher genus. Thereafter, we use the eigenvalue ρ of the logarithmic local monodromy as the flow parameter and adapt the generalized Whitham flow techniques of [12] to deform our degenerate initial solution on a torus in Section 4. This proves the existence of real sections of M DH over the Riemann surfaceM ρ of genus g(ρ) which map into the smooth part of the moduli space. Finally, we show in Section 5 that these new real sections give rise to solutions of the self-duality equations on an open and dense subset of the compact Riemann surfaceM ρ .
The Deligne-Hitchin moduli space M DH
The Deligne-Hitchin moduli space M DH = M DH (M ) of a compact Riemann surface M provides a natural tool to study associated families of flat connections of the self-duality equations. It was first defined by Deligne (see [30, 31] ) as a complex analytic reincarnation of the twistor space (see [19] ) associated to the moduli space of self-duality solutions. Definition 1.1. For λ ∈ C fixed, a (integrable) λ-connection on a vector bundle V → M over a Riemann surface M is a pair (∂, D) consisting of a holomorphic structure on V and a linear first order differential operator
for functions f and sections s, and the integrability condition
Whenever the integrability condition is dropped, we refer to the corresponding pairs (∂, D) as plain λ-connections. Example 1.2. Let V = M × C n be a trivial rank n bundle and z a local coordinate on M . For λ ∈ C fixed, the pair
gives the so-called trivial λ-connection on V, where d = d ′ + d ′′ is the decomposition into (1, 0) and (0, 1)-parts of the exterior derivative. For λ = 0 the corresponding λ-connection reduces to the trivial holomorphic structure on V. 
i.e., being complex linear and holomorphic, and for λ = 0 we have that
is tensorial and will be referred to as Higgs field.
In this paper we restrict to the subclass of λ-connections corresponding to the group G C = SL(2, C). Note that a λ-connection on a vector bundle V induces λ-connections on all associated tensor bundles, e.g. V * and Λ n V. For λ = 0 and n = rank(V ), the induced λ-connection of (∂, D) on Λ n V is given by the trace of D and the induced holomorphic structure on the determinant bundle. Definition 1.5. A SL(2, C)-λ-connection (or a rank 2 trace-free λ-connection) is a λ-connection on a rank 2 vector bundle V → M over a compact Riemann surface M , such that the induced λ-connection on Λ 2 V is trivial.
For the rest of the section we consider the case where M is compact and has genus g ≥ 2. Moreover, we assume without loss of generality that
since every vector bundle V with trivial determinant is (topologically) trivial. For λ ∈ C fixed, let A λ denote the space of (integrable) λ-connections. Then there is a natural action of the gauge group G = {g : M → SL(2, C)} on A λ and for λ = 0 the quotient A λ /G is isomorphic to the moduli space of flat SL(2, C)-connections. As such it is a a complex analytic space which is smooth away from (gauge orbits of) reducible flat connections. The same holds for λ = 0 except for the fact that the quotient
is not complex analytic (and not Hausdorff) at unstable Higgs pairs.
All other λ-connections are called unstable. Remark 1.8. The Hodge moduli space can be equipped with an algebraic structure through the GIT construction [30] . We prefer to think of M Hod as a complex analytic space (with quotient topology) whose smooth points are given by the gauge orbits of stable λ-connections. These form an open and dense subset in M Hod . As a stable λ-connection does not permit non-trivial automorphisms (trivial automorphisms are constant multiples of the identity), the smooth structure can be constructed by standard gauge theoretic methods.
The Hodge moduli space admits a holomorphic map
whose fiber at λ = 0 is the Higgs moduli space M Dol , and at λ = 1 it is the deRham moduli space of flat SL(2, C)-connections M dR , which we consider as complex analytic spaces endowed with their respective natural complex structures.
1.1. The gluing construction of the Deligne-Hitchin moduli space. Let M be a Riemann surface andM be its complex conjugate Riemann surface. As differentiable manifolds we have M ∼ =M and thus their deRham moduli spaces of flat SL(2, C)-connections are naturally isomorphic (as complex analytic spaces, not as algebraic spaces). Through the Deligne gluing [31] Ψ :
we can define the Deligne-Hitchin moduli space to be
The Deligne-Hitchin moduli space admits a natural fibration, also denoted by f , to CP 1 whose restriction to M Hod (M ) is f M and whose restriction to M Hod (M ) is 1/fM . Remark 1.9. Note that the Deligne-gluing map Ψ maps stable λ-connections on M to stable 1 λ -connections onM . Hence, it maps the smooth locus of M Hod (M ) (consisting of stable λ-connections) to the smooth locus of M Hod (M ), and M DH is equipped with a structure of a complex manifold at all of its stable points.
Remark 1.11. We call a section of (or more generally a map into) M DH holomorphic if it admits a local holomorphic lift to the space of plain λ-connections. In other words for every λ 0 ∈ CP 1 fixed, there exist an open U (λ 0 ) ⊂ CP 1 such that the map
is holomorphic. Depending on whether λ 0 is in
the plain λ-connections can be considered with respect to either Riemann surfaces M or M . At stable points, the moduli space M DH is a (smooth) complex manifold and the holomorphicity of sections reduces to the usual notion of holomorphic sections.
It is well-known (and one of the motivation behind its definition is) that
is holomorphic isomorphic to the twistor fibration P → CP 1 of the hyper-Kähler metric on the moduli space of solutions to Hitchin's self-duality equations, at least at the smooth points, see [30] . The isomorphism is given as follows. Take a solution (∇, Φ) of the self-duality equation and the twistor line
with respect to the C ∞ -trivialization P ∼ = M Dol × CP 1 . Then, this twistor line is holomorphically isomorphic to the section given by the holomorphic map
It follows from the work of Hitchin [18] and Donaldson [7] that every stable point in M DH uniquely determines a twistor line. Note that a twistor line s is already stable if it is stable at one λ 0 ∈ C.
1.2.
Automorphisms of the Deligne-Hitchin moduli space. The Deligne-Hitchin moduli space admits some natural automorphisms which will play important roles in the later chapters. First of all, for every µ ∈ C * the (multiplicative) action of µ on CP 1 has a natural lift to
Definition 1.13. We denote by N : M DH → M DH the map given by
Second, in the general case (e.g., for GL(n, C) rather than SL(2, C) connections) taking the dual of a flat connection gives rise to an automorphism of the moduli space of flat connections which extends to an automorphism of Deligne-Hitchin moduli space we denote by D.
where () * denote the dual operator.
Since SL(2, C)-connections and λ-connections are self-dual, D is just the identity map in our case.
The last automorphism we introduce is anti-holomorphic and denoted C. 
To be more concrete, for∂
we define the complex conjugate on the trivial C 2 -bundle overM to bē
The map C covers the map
It is important to note that C and N commute. Moreover, both maps are involutions. Thus, their composition T = CN is an involution as well, covering the fixed-point free involution λ → −λ −1 of CP 1 .
1.3.
Real sections. Let M be a compact Riemann surface of genus g ≥ 2 in the following. We consider the antiholomorphic involution of the associated Deligne-Hitchin moduli space
holds for all λ ∈ CP 1 . Immediate examples of real sections are twistor lines, i.e., sections s of the form (1.2), which correspond to solutions of the self-duality equations.
In order to obtain a global lift of a section s of M DH to the space of flat connections or integrable λ-connections, it is for technical reasons necessary to deal with λ-connections where the connection 1-form is only of class C k . For every λ ∈ C these C k λ-connections are in fact gauge equivalent (by a gauge transformation of class C k+1 ) to smooth λ-connections. The crucial Lemma is the following (it can be proven analogously to the proof of Theorem 8 in [16] ):
We restrict ourselves from now on to stable sections s. Admissible sections are particularly well-behaved sections s of M DH of the form
for a holomorphic structure∂, a ∂-operator D, a (1, 0)-form Φ and a (0, 1)-form Ψ. The associated family of flat connections of a solution of Hitchin's self-duality equations induces an admissible section s.
For λ ∈ C * ⊂ CP 1 let ∇ λ be the family of flat connections corresponding to a lift of s obtained by Lemma 1.16. Then the reality of s translates to the existence of a gauge transformation g(λ) such that
for every λ ∈ C * . Applying the equation (1.3) twice we obtain that
Because the stability of the section s is equivalent to the irreducibility of ∇ λ for all λ, we obtain that g(λ)g(−λ −1 ) is a constant multiple of the identity gauge for every λ ∈ C * . By using the constructions in the proof of Theorem 7 in [16] one can easily deduce the existence of a holomorphic family λ ∈ C * → g(λ) satisfying (1.3). 
The sign on the right hand side is an invariant of the family ∇ λ , i.e., it is determined by the family ∇ λ and does not depend on the choice of h.
Proof. By irreducibility of ∇ λ we have
for a holomorphic functionf without zeros along S 1 . Moreover, we can compute the index the curve γ =f | S 1 to be
Therefore, there exists a well-defined holomorphic function f such thatf (λ) = exp(f (λ)).
Consider the Laurent series of f for λ ∈ S 1
has the desired properties. The invariance of the sign of the right hand side of (1.4) can be easily checked.
3). Then the corresponding family of gauge transformations g(λ)
can be chosen to satisfy det[g(λ)] ≡ 1.
Proof. Assume that g cannot be chosen to lie in SL(2, C). Then the index of the curve
must be odd. Otherwise the square root of det(g) is well-defined andg =
g defines a family of SL(2, C)-gauge transformations satisfying (1.3). By multiplying g with a suitable holomorphic function defined on C * the index of γ changes by an even number. Thus we can assume without loss of generality that Ind 0 (γ) = 1. For p ∈ M fixed, consider the Birkhoff factorization of g(λ)
for some k ∈ N, where g + is a holomorphic map into SL(2, C) that extends to λ = 0 while g − extends to λ = ∞, see [26, Chapter 8] . The diagonal matrix diag(λ k+1 , λ −k ) accounts for the fact that Ind 0 (γ) = 1. Every otherg + andg − satisfying (1.5) is given bỹ
with constants a, d ∈ C * and a polynomial b (in the variable λ −1 ) of degree at most 2k + 1. Applying Lemma 1.17 we can further assume
through which we can relate the Birkhoff factorizations of g(λ) and g(−λ −1 ) :
and therefore
Hence by the uniqueness of the Birkhoff factorization there exist a, d ∈ C * and a polynomial b(λ −1 ) such that
Putting the last two equation together yields that either −aā = 1 or −dd = 1, depending on the sign of (−1) k and the sign of (1.6), which is a contradiction in either case.
The two above lemmas yield that for every family of flat connections ∇ λ which is the lift of a real section s of M DH there exists a holomorphic family of SL(2, C)-gauge transformation g(λ) (unique up to sign) satisfying (1.3). Moreover,
and the sign on the right hand side is independent of the lift ∇ λ of s (see also [3] ). This motivates the following definition. While all stable admissible negative sections are given by solutions of the self-duality equations [3] stable admissible positive sections are constructed in [3] . Due to the wrong sign in (1.7) these counterexamples are rather pathological.
Real solutions of higher spectral genus on a torus
The aim of this section is to construct families of flat connections ∇ λ on a Riemann surface M of genus 1 satisfying (1.3) and (1.7) with a negative sign in (1.7). These families first appeared as associated families of Willmore cylinders, see [2] , and the Riemann surface parametrizing the monodromies of ∇ λ -the spectral curve Σ -is of (spectral) genus 1. They do not give global (reducible) solutions of the self-duality equations on the torus M .
In the following we translate the ideas of [2] to the language of [12] .
Let Σ = C/Λ be a complex 1-dimensional torus
with τ ∈ iR + together with a real fixed-point free involution
which has four fixed points and therefore the quotient is Σ/σ ∼ = CP 1 . Since η commutes with σ, it induces a real fixed-point free involution on CP 1 which, after applying a suitable Moebius transformation, is the antipodal map. Applying a further Moebius transformation, we obtain a 2-fold covering given by 
. We also assume that τ is chosen such that 0 < r < 1 or equivalently R < −1 (which holds for an open subset of τ ∈ iR + ).
For fixed τ and λ : Σ → CP 1 we choose constants a, b ∈ C such that the Weierstrass ℘-function on Σ = C/Λ satisfy Now consider the Riemann surface M = C/Γ equipped with its affine coordinate z, where Γ = 2Z + 2τ Z is a rectangular lattice withτ ∈ iR + . On M we define a family of flat connections
parametrized by ξ ∈ Σ, where χ is the meromorphic function uniquely determined by
2 ) + b)dξ and χ(0) = 0 and α is the meromorphic function given by
The family∇ ξ is holomorphic in ξ away from λ = {0, ∞}, i.e., for all ξ ∈ C\(Λ∪( 
extends holomorphically to λ = 0 as a nilpotent Higgs pair. Moreover, the family ∇ λ is real and negative, i.e., ∇ −λ −1 and ∇ λ are gauge equivalent by a holomorphic λ-family of SL(2, C)-gauge transformations g satisfying
Proof. We prove the existence of the family ∇ λ in three steps. First, we show that the family∇ ξ induces a well defined curve D λ into the moduli space of flat connections M parametrized by λ ∈ C * . Then we show that for an suitable open cover
there exist local lifts of D λ into the space of flat connections satisfying the asymptotic properties. In the last step we glue these two different lifts to a C k family of flat connections on all U 0 ∪ U r . The fact that the resulting family satisfies the reality condition and is negative follows immediately from the definition of χ and α and from the form of∇ ξ in (2.3).
Step (1): Due to the choice of the constants a, b in (2.1) and (2.2) we have∇ ξ =∇ ξ+τ and moreover,∇ ξ is gauge equivalent to∇ ξ+1 via the diagonal gauge
.
We first claim that the gauge class of∇ ξ is invariant under ξ → −ξ. By the definition of ∇ ξ this is equivalent to the family of line bundle connections
being odd with respect to ξ → −ξ. The statmstatementent clearly holds for the corresponding family of holomorphic structures∂ 0 + χ(ξ) (or for the function χ, respectively). As for α, since its derivative dα is odd, α is odd up to a constant term. Therefore, we only need to show α(ξ 0 ) = −α(−ξ 0 ) for a particular point ξ 0 ∈ C. It is easy to compute that α(
because χ(−1) + 2 πi 2τ = χ(0) = 0 due to the choice of the constants a, b.
Step (2): Consider the open set U ⊂ D 1+ǫ = {λ ∈ C | λλ < 1 + ǫ} such that U contains at most one branch value of λ : Σ → CP 1 . Moreover, we require that the lift of every curve contained in U has zero intersection number with the b-cycle on Σ = C/(Z + τ Z) represented by τ ∈ Λ. We want to show that there exists
If U = U 0 contains 0, we further claim that the Laurent expansion of the family of flat connections around λ = 0 is given by
for a nilpotent complex linear 1-form Φ.
We only sketch the proof for U = U 0 , as both cases works analogously. Consider on λ −1 (U 0 ) the well-defined (after choosing a sign) holomorphic function
and the family of gauge transformations on M defined by
. Moreover, consider the gauge transformation
which is well-defined, since the right hand side is invariant under ξ → −ξ as χ and α are odd and has the desired Laurent expansion in λ = 0. The disk D 1+ǫ (for ǫ > 0 small enough) contains by definition of Σ only two branch values of λ, namely λ = 0 and λ = r. Therefore through the above procedure, we find two open subsets U 0 , U r covering D * 1+ǫ and holomorphic families of flat connections 0 ∇ λ and r ∇ λ defined on U 0 and U r , respectively, which are gauge equivalent for every λ ∈ U 0 ∩ U r .
Step (3): The construction of 0 ∇ λ and r ∇ λ , gives a holomorphic family of gauge trans-
We may interpret this as a cocyle on (U 0 ∪ {0}) ∪ U r with values in a Banach Lie group G k of k-times differentiable gauge transformations on M , k >> 2, containing Γ(M ; SL(2, C)) as a (non-closed) subspace. The so-defined G k bundle is trivial, since D 1+ǫ is star-shaped. By [6] there exist holomorphic maps
on the intersection, defining a holomorphic family of flat connections on D * 1+ǫ . The expansion of ∇ λ at λ = 0 has the desired form because f 0 is well-defined at λ = 0.
It remains to show that ∇ −λ −1 and ∇ λ are gauge equivalent by a family of gauge transformations g(λ) satisfying g(λ)g(−λ −1 ) = −Id. This can be deduced from the definition of∇ ξ in terms of χ and α in (2.3) as follows. By the definition of Σ the map λ : Σ → CP 1 has no branch points along S 1 ⊂ C * . Therefore, we can parametrize the parallel eigenlines L ± (λ) of ∇ λ along the unit circle (respectively on an open neighborhood) in terms of λ. Note that the two connected preimages of S 1 under the map λ are given by
We label the line bundles L ± in the definition of∇ ξ (2.
3) in such a way that for ξ ∈ R + τ 4
The involution λ → −λ −1 corresponds to
Therefore, its complex conjugate is gauge equivalent to
dz. Moreover, since M = C/Γ with Γ = 2Z + 2τ Z, the right hand side is also gauge equivalent to d − α(ξ)dz − χ(ξ)dz which is the flat connection on L − (λ ([ξ]) ). Thus, up to the diagonal gauges corresponding to identifying the corresponding line bundle, the SL(2, C)-gauge g(λ) is of the form
from which we obtain that g(λ)g(−λ −1 ) = −Id.
Remark 2.2. The above spectral data were first constructed in [2, Section 6] as the simplest possible solutions for the cosh-Gordon equation to construct Willmore surfaces with umbilic lines. Our contribution to Theorem 2.1 is the reinterpretation of these spectral data as C * -families of flat connections. Solutions of the self-duality equations on a torus are of spectral genus 0. The corresponding harmonic maps (with monodromy) are non-conformal, i.e., they have non-vanishing Hopf differential. Deformations of these spectral genus 0 solutions give rise to ordinary solutions to Hitchin's self-duality equations on higher genus surfaces. It might be interesting to study equivariant components of the moduli space of Hitchin's self-duality equations from this deformation perspective.
2.1. Reduction to irreducible connections. Recall from Section 1.3 that the uniqueness of the sign in (1.3) relies on the (generic) irreducibility of the family of flat connections.
For an associated family defined on a torus the connections are reducible which prevent us from using this topological quantity without modifications. To overcome this problem we use an additional symmetry of∇ ξ to obtain a equivalent family of Fuchsian systems on a 4-punctured sphere which is then generically irreducible. The local monodromies of the associated Fuchsian system are 4th roots of the identity, i.e., the local monodromies are conjugated to i 0 0 −i . A generic flat SL(2, C)-connection ∇ on C 2 → M is gauge equivalent to the direct sum of flat line bundle connections. To be more explicit, there are complex numbers χ, α ∈ C such that with respect to the splitting
where L ± are the unique holomorphic line bundles of degree 0 with holomorphic structures∂ ± χdz, we have
The tensor product of ∇ S with ∇ χ,α gives a meromorphic connection on the rank 2 bundle
If L ± are not spin, there is a gauge transformation (g χ ) −1 , singular at [0], .., [τ ], which gauges ∇ S ⊗∇ χ,α into a meromorphic connection on the trivial holomorphic rank 2 bundle. With respect to the above splitting we can write this gauge transformation as (2.8)
where s ± ∈ H 0 (M ; S * L ∓ ) and t ± ∈ H 0 (M ; S * L ∓ ). The non-vanishing holomorphic section s + of S * L − is uniquely determined up to scale by the fact that it has simple zeros at [0], [− 4τ
πi χ] ∈ M . Moreover, we choose t + to be the pull-back of s + by the shift
which preserves the bundle S * ⊗L − , i.e.,
The map g χ is a well-defined gauge whenever
is non-zero. Since S −2 has degree 4, det g χ has exactly 4 zeros (with multiplicity), if L ± are not spin bundles, i.e., if det g χ is not identically zero. These zeros can then be identified to be the half-lattice points, because σ * det g χ = − det g χ .
It can be checked easily that
is invariant under σ and has local monodromies −Id. Hence, it is the pull-back of a Fuchsian system on CP 1 with singular points at the branch values of π : M → CP 1 .
The eigenvalues of the residues of the Fuchsian system are ± 1 4 because its pull-back has residues with eigenvalues ± 1 2 . Remark 2.3. In the case that L ± are not spin, we can scale the second row t + t − of g χ to normalize the Fuchsian system as follows: at the four branch images
of π : M → CP 1 the Fuchsian system induces a parabolic structure (see Section 3 below for a short discussion of parabolic structures) given by a line at each z i and the 4 parabolic weights ρ i . The isomorphism class of the lines E z i are fixed by their cross-ratio. Therefore, we can normalize the parabolic structure by fixing three lines
and the parabolic weights is fixed to be ρ i = Next, consider two connections over M of the form (2.7)
The complex conjugate of the pull-back of the Fuchsian system corresponding to 1 ∇ is then gauge equivalent to the pull-back of the Fuchsian system corresponding to 2 ∇. The complex linear gauge transformation (away from the half-lattice
is given by the composition
where g χ and g −ᾱ are the gauges defined in (2.8) and F denotes the parallel endomorphism from S toS (well-defined away from the half-lattice points). The involved holomorphic line bundles are topologically trivial and equipped with their respective holomorphic structures induced by the flat connections i ∇, e.g., L ( 2 ∇) * ) is equipped with∂ − χdz. Since Ψ is actually a gauge transformation between trivial C 2 -bundles it makes sense to express it in terms of complex-valued functions.
Let ϑ denote the (shifted) ϑ−function of C/Γ for Γ = 2Z + 2τ Z (whereτ ∈ iR + ), i.e., ϑ is (up to multiplication by a constant) the unique entire function satisfying ϑ(0) = 0 and
is doubly periodic on C with respect to Γ and satisfies
where d = ∂ 0 +∂ 0 is the decomposition of the exterior derivative into complex linear and anti-linear components. In other words, θ x is a meromorphic section of the bundle C → C/Γ with respect to the holomorphic structure∂ 0 − πi 4τ xdz. Moreover, it has a simple zero in z = x and a first order pole in z = 0 if x / ∈ Γ. 
be the meromorphic function on M with divisor
normalized by h x ([1]) = 1. Then we have up to the choice of a sign
(2.11)
Remark 2.5. We will denote Ψ = Ψ a,x in the following to emphasize its dependence on a and x (or respectively on α and χ).
Proof. First note that with respect to the frame
which has a pole-like singularity at [0] ∈ M of second order, the map g χ is given by (a constant multiple of)
An analogous formula holds for 1 ∇ by replacing x by a. The divisor of
, as long as χ does not correspond to a spin bundle of M . Therefore Det x is a non-zero constant multiple of the derivative ℘ ′ of the Weierstrass ℘-function. The proof of the lemma then follows from the observation that the connection 1-form of ∇ S with respect to the meromorphic frame s −2[0] is given by
is parallel with respect to ∇ S ⊗ ∇ S * .
The gauge transformation Ψ in (2.11) is invariant under σ, hence it descends to a welldefined gauge transformation between the corresponding Fuchsian systems on a 4-punctured sphere. In order to be able to prove the desired version of Theorem 2.1 for the family of Fuchsian systems we need to ensure that χ (or rather the holomorphic structure∂ 0 + χdz) restricted to the preimage of the unit circle under λ : Σ → CP 1 is not mapped to a spin structure for generic Riemann surfaces M.
Lemma 2.6. For every τ ∈ iR >0 and genericτ ∈ iR >0 and χ defined in (2.4)) the image of the map
does not contain a spin bundle on M .
Proof. The holomorphic structure∂ 0 + χdz is a spin bundle if and only if 2τ πi χ ∈ Z ⊕τ Z. Thus, by changingτ if necessary, we only need to guarantee that 2τ πi χ is not real valued along R + Assume that the set R := {ξ ∈ {x + iy | 0 < x < 1; 0 < y < τ 2 } | 2τ πi χ(ξ) ∈ R} is non-empty (which is slightly more general than the assertion of the Lemma). Because the function 2τ πi χ has simple poles and its critical points are of order one and contained in Z + iR the set R would be a closed submanifold in {x + iy | 0 < x < 1; 0 < y < 
on the 4-punctured sphere such that
and g(λ)g(−λ −1 ) = −Id for all λ ∈ A.
Proof. Ifτ is given such that Lemma 2.6 holds, it is straightforward to prove that the family
, which is invariant under the antipodal involution, induces a family
flat SL(2, C)-connections on the 4-punctured sphere that extends to an open annulus
A ⊂ C * of S 1 ⊂ C * . By construction the pull-back π * ∇ λ(ξ) with respect to the 2-fold covering π : M → CP 1 is gauge equivalent to ∇ S ⊗∇ ξ for all ξ ∈ λ −1 (A). Moreover, if for ξ ∈ λ −1 (A) the holomorphic structure corresponding to χ(ξ) is not a spin bundle of M , then the connection ∇ λ(ξ) is irreducible because their induced parabolic structure is stable (see [11, Section 2.4 
]).
It remains to prove the real symmetry. The gauge transformation g(λ(ξ)) for
is by construction given by g(λ(ξ)) = Ψ a,x , where
Further, by (2.5) and the quasi periodicity of χ we have that the gauge transformation
2 )) is given by Ψ x−2,a−2 . Therefore, the square roots
are equal, since we can choose the signs along the real line
and
as claimed.
The moduli space of flat SL(2, C)-connections on a 1-punctured torus
Instead of working with sections of the Deligne-Hitchin moduli space and deforming those through a deformation of the twistor space, we are working with families of flat connections in the following. The main reason for doing so is that the constructed spectral data give rise to a section of the Deligne-Hitchin moduli space of the torus going through singular points. The abelianization techniques described below induce good coordinates on the moduli space of flat connections. This enables us to use initial conditions with singular points and to apply the generalized Whitham flow in Section 4 below.
Let T 2 = C/Γ whereΓ = Z +τ Z withτ ∈ iR + is a lattice and fix the point o = [0] ∈ T 2 . We will also work with the 4-fold unbranched covering M = C/2Γ → T 2 .
We are interested in the moduli space M ρ of flat SL(2, C)-connections on T 2 \ {o} whose local monodromy around o lies in the conjugacy class of
for a fixed ρ ∈ [0, 1 2 ). For ρ = 0 we get the moduli space of flat SL(2, C)-connections on T 2 which is a singular variety, but for 0 < ρ < 1 2 the space M ρ is smooth. In fact, as a complex manifold it is given by the equation
for α 1 , β 1 being the standard generators of π 1 (T 2 ) given by 1,τ ∈Γ, and H denoting the monodromy, see [22] .
We extend (after the choice of an logarithm of the matrix (3.1)) the holomorphic structure of the singular flat connection ∇ into the singularity in such that the connection 1-form with respect to a local holomorphic frame is a meromorphic 1-form with first order pole. This so-called Deligne extension yields a connection with regular singularity at o. The details work as follows: every flat SL(2, C)-connection ∇ with local monodromy in the conjugation class 3.1 is on an open neighborhood U o ⊂ T 2 gauge equivalent (by a gauge g) to the connection
where w denotes a holomorphic coordinate of T 2 centered at o. Gluing the bundles and the connections ∇ on T 2 \ {o} and (3.2) on U o by the aforementioned gauge g gives a holomorphic vector bundle of rank 2 and degree 0
with a meromorphic connection also denoted by ∇. Moreover, as we are dealing with flat SL(2, C)-connections, V has trivial holomorphic determinant
By Atiyah's classification of holomorphic vector bundles over elliptic curves [1] , V must be of one of the following types:
For ρ > 0, case (1) such that L is a spin bundle and case (3) cannot occur. This is because the connection 1-form (with respect to an appropriate background connection) would be a non-vanishing meromorphic 1-form with a simple pole with non-zero residue at o ∈ T 2 , which is a contradiction according to the residue theorem.
In [16] a representative for each gauge class of the singular connections ∇ defined via the Deligne extension is computed in the case of ρ = 1 6 , τ = i and L ∈ Jac(T 2 ) \ {W | W 2 = K}. For general ρ ∈ R and general conformal type τ ∈ iR + they are given by
where ∇ L is a holomorphic connection on a line bundle L, ∇ L * is its dual connection, and the off-diagonal terms can be determined as follows:
Similarly to Section 2.1 letθ denote the (shifted) ϑ−function of C/Γ forΓ = Z +τ Z,θ is (up to multiplication by a constant) the unique entire function satisfyingθ(0) = 0 and
is doubly periodic on C with respect toΓ and satisfies
where d = ∂ 0 +∂ 0 is the decomposition of the exterior derivative into parts. Thusθ x is a meromorphic section of the bundle C → C/Γ with respect to the holomorphic structurē ∂ 0 − πĩ τ xdz and has a simple zero in z = x and a first order pole in z = 0 if x / ∈Γ. The second fundamental forms β ± can be expressed explicitly in terms of the functionsθ x : Proposition 3.1. Let x = −τ πi χ and assume that L = L(∂ + χdz) is not a spin bundle. Let
whereθ ′ is the derivative ofθ with respect to z. Then the second fundamental forms β ± χ in (3.3) are given by the meromorphic 1-forms
with values in the holomorphic bundle L(∂ ± 2χ) of degree 0.
We omit the proof of the Lemma here, since it works analogously to [16, Section 4.2] or [11, Section 3.3] It remains to deal with case (2) of Atiyah's classification of V → T 2 . Topologically V = C 2 = W ⊕ W and, after a normalization, the holomorphic structure is with respect to this splitting given by∂
Here∂ W is the holomorphic structure of the spin bundle W . Further, the ∂ operator is given by
where ∂ W is the ∂-part of the flat Chern connection of∂ W and a, b, c : T 2 \ {o} → C are smooth functions with pole-like singularities of order one at o ∈ T 2 . The flatness of ∇ = ∂ +∂ is equivalent to
Since the function c has at most a first order pole at o ∈ T 2 and satisfies∂c = 0 it must be constant. This constant turns out to be related to the eigenvalue ρ: because a has a pole-like singularity of order one at o its Laurent expansion is given by a(z) ∼ a 1 z + a 0 + higher order terms.
Integration by parts then yields
Around o ∈ T 2 the connection ∇ is gauge equivalent to the connection (3.2) which gives
The meaning of the sign in (3.5) is best explained via parabolic structures. Recall that in our setup a parabolic structure on the holomorphic rank 2 bundle V → M with trivial determinant over a compact Riemann surface M with marked points p 1 , .., p n ∈ M is a collection of lines l k ⊂ V p k together with weights ρ k ∈ (0; 
The parabolic structure is called (semi)-stable if and only if the parabolic degree of every holomorphic line subbundle is negative (respectively non-positive). A meromorphic connection with singularities of the form (3.2) defines a parabolic structure via the Deligne extension (by the eigenlines and eigenvalues of residues of the connection 1-form around the singularities). It is wellknown that an irreducible unitary meromorphic connection gives rise to a stable parabolic structure, and the inverse holds by the Mehta-Seshadri theorem [24] .
The sign in (3.5) distinguishes whether the parabolic structure is stable. In fact, for 0 < ρ < 1 2 , the + sign gives a unstable parabolic structure, as the parabolic degree of the unique holomorphic line sub bundle L = W ⊕ {0} of degree 0 is given by
Analogously, the parabolic structure is stable if the sign in (3.5) is negative.
Next we want to show that there exist a flat connection ∇ for both signs in (3.5) . By (3.5) ρ determines c and there is a unique a solving (3.4) (with a pole-like singularity of order one) up to an additive constant. Then, for each solution a, there is again a unique solution b of the equation∂ b − 2adz = 0 with pole-like singularity of order one at o ∈ T 2 by Serre duality. Hence, up to two additive constants, the flat connection is unique. But due to the gauge freedom given by the constant gauge transformation
(where h ∈ C is constant) with respect to the C ∞ trivialization C 2 → T 2 , the additive constant of a does not change the gauge class of the flat connection. Moreover, if the parabolic structure is unstable, the gauge given by g does not alter the parabolic structure. In the case of the stable parabolic structure we obtain different but gauge equivalent parabolic structures.
As in [11] we then have 
If the expansion holds with the positive sign, the induced parabolic structure is stable, while it is unstable for the negative sign.
Remark 3.3. We will need a slightly refined version of the above theorem. Namely, we will consider pull-backs of flat SL(2, C)-connections on the 1-punctured torus T 2 = C/Γ to the 4-punctured torus M = C/Γ via π : M = C/Γ → T 2 . It can then be shown that two such connections
on M are gauge equivalent if and only if the pull-backs
of the corresponding line bundle connections are gauge equivalent on M (for an appropriate choice of signs).
Therefore flat line bundle connections on M can also be used to parametrize (the moduli space of) flat SL(2, C)-connections on the 4-punctured torus with extra symmetry. This provides good coordinates away from the trivial line bundle connection. We summarize the previous observations in the following theorem. A proof of it can be given along the lines of the proof of [12, Theorem 3.3] . given by the algebraic equation
for appropriate z 0 , .., z 3 ∈ C. Then, there exists a holomorphic family of flat SL(2, C)-
for a stable Higgs pair (∂ ∇ , Φ), and such that ∇ λ(ξ) and π * ( ρ ∇ χ(ξ),α(ξ) ) are gauge equivalent. Moreover, the connections are irreducible for generic λ ∈ D * 1+ǫ .
Construction of new real sections
In this section we want to apply the ideas and techniques of the generalized Whitham flow for spectral data of compact CMC surfaces developed in [12] to construct higher solutions to Hitchin's self-duality equations. The main idea is that, under appropriate additional conditions, e.g., extrinsic closing for CMC surfaces, or a fixed Higgs pair at λ = 0 and a fixed conformal type (in a slightly generalized sense), the family of flat connections corresponding to a real section of the Deligne-Hitchin moduli space admits a unique deformation induced by the ρ-deformation of the Deligne-Hitchin moduli space itself.
We need the following Lemma, which follows by applying the implicit function theorem together with Theorem 3.2 and Remark 3.3. 
and ρ∇χ 2 ,α 2 are gauge equivalent on M. Moreover, the dependencyα i =α i (ρ,χ 1 ,χ 2 ) is real analytic for i = 1, 2.
Remark 4.2. Note that the statement of the lemma still holds in a naturally modified way, when we add to one (or both) of the line bundle connections a lattice point, i.e., an imaginary harmonic 1-form with 2πiZ-valued periods.
We want to deform the family of flat connections on M given by Theorem 2.1 as follows: In terms of Theorem 3.2 the family of flat connections is given by ρ = 0 and odd meromorphic maps χ and α. The generalize Whitham flow is given by deforming the local monodromy ρ, while preserving the translational periods of χ and α given by (2.1) and (2.2). Hence, we are looking for deformationsχ andα of χ and α of the form χ = χ +x andα = α +â,
In order to study these maps we first recall that the spectral curve Σ in the torus case is given by the algebraic equation
r ) for some 0 < r < 1. Then y : Σ → C is an odd meromorphic function on Σ. On the domains ofx andâ the function y is holomorphic, and we can rewritex andâ aŝ x = yx andâ = ya, with holomorphic functions
We start with the spectral data (Σ, χ, α) constructed in Section 2. Though they are uniquely determined by τ ∈ iR >0 , the family of flat connections in Theorem 2.1 depends on the conformal typeτ ∈ iR >0 of M = C/(2Z + 2τ Z) as well.
For d > 1 let B d be the Banach space of bounded holomorphic functions on
equipped with the supremums norm. Because χ| λ −1 (S 1 ) is a well-defined bounded map from the compact set λ −1 (S 1 ) into Jac(M ), we obtain by Remark 4.2 a δ > 0 and an open neighborhood U 0 ⊂ B d of the zero function such that for all ρ ∈ (−δ, δ) and allx = yx • λ with x ∈ U 0
for all ξ ∈ R + τ 4 ⊂ λ −1 (S 1 ) and U χ i defined in Lemma 4.1. In particular, there is a real analytic function
are gauge equivalent on M for all ξ ∈ R + τ 4 .
It follows from Remark 4.2 that for x ∈ U 0 ⊂ B d the map α ρ x has the same translational periods as α. Thus, for any x ∈ U 0 and any ρ ∈ (−δ, δ) the function α ρ x − α is real analytic and Z-periodic on R + 
the Banach space of bounded holomorphic functions on the annulus
The main technical lemma is: 
is smooth.
Proof. First of all, there is an open subset
and a bounded holomorphic function
withα 1 (., χ 1 , χ 2 ) given by Lemma 4.1. Hence, we have by definition
2 )). 
and two smooth families of odd holomorphic maps
into the space of flat line bundle connections satisfying the following properties: are gauge equivalent on M .
Proof. Using Lemma 4.3 and the results in Section 2 and Section 3 the proof is analogous to the proof of Theorem 4.2 in [12] with a minor difference: we drop the extrinsic closing condition required in Theorem 4.2 of [12] , which gives an additional freedom in our case here. This extra freedom allows us to fix the branch point r of the spectral curve, which even simplifies the proof of the lemma here. Proof. We only give the proof for large odd integers g. The proof for the even genus case works similarly but would require to reformulate Theorem 3.4 accordingly, see [12, Section 3.3] .
Let δ > 0 and τ,τ ∈ iR + as in Lemma 4.4. Let n 0 ∈ N such that 1 n 0 < δ. Then, for q ≥ n 0 we obtain a holomorphic family of flat connections on the q-fold coveringM (2) and (3) in Lemma 4.4. By property (4) the section is real with respect to the involution T and hence extends to a global section
That the real section s is negative follows from Theorem 2.7: by the reality of the section s respectively property (4) in Lemma 4.4 there exist a family of gauge transformations g(λ) satisfying (1.3) for the corresponding family of flat connections∇ λ on the 4-punctured sphere. The lift of s on the Riemann surfaceM ρ is obtained by the pull-back of∇ λ with singularities at the 4 branch points of the covering π :M ρ → CP 1 . Since π * ∇λ has trivial local monodromies onM ρ around these singularities, they are gauge equivalent to regular connections∇ λ onM ρ via h(λ). A short computation shows that
yields the family of gauge transformationsg(λ) satisfying (1.3) for∇ λ . Since g(λ), after a suitable normalization see Lemma 1.17, satisfies (1.7) with negative sign by Theorem 2.7, the normalizedg(λ) also satisfies (1.7) with negative sign and we obtain that s is negative.
It remains to prove that these negative real sections are not twistor lines. Solutions to the self-duality equations on punctured Riemann surfaces have been studied in [29] . For the 4-punctured sphere with all parabolic weights being 1 4 (and parabolic Higgs fields with nilpotent residues as in our case) the solutions corresponds to smooth and reducible solutions on a torus that double covers the 4-punctured sphere. By the smooth dependence of the solutions on the parabolic weightρ =ρ i (see [20] ), solutions of the self-duality equations forρ ∼ 1 4 (corresponding to ρ ∼ 0) are close (after appropriate gauge transformations with respect to the supremum norm) to the reducible solutions.
For the real sections s we constructed here the initial condition forρ = 1 4 does not solve the self-duality equations and therefore we have that also the real negative sections for ρ ∼ 1 4 close enough cannot be self-duality solutions.
Remark 4.6. While the higher solutions have the property that their associated families of flat connections are irreducible, it should be possible to flow the Babich-Bobenko tori to construct higher solutions whose associated families of flat connections are generically irreducible but have trivial monodromy at a spectral parameter of unit length. In that case the section s gives rise to compact Willmore surfaces, see [2] or Remark 5.4 and Remark 5.10.
Higher solutions of the self-duality equations
In this last section we want to show that the new real sections of the Deligne-Hitchin moduli space constructed above give rise to solutions of Hitchin's self-duality equations on an open and dense subset of the Riemann surface.
It is well-known that solutions of Hitchin's self-duality equations correspond to equivariant harmonic maps into hyperbolic space, see [7, 28] . For a solution (∇, Φ, h) on a Riemann surface M for a unitary connection ∇ with respect to the hermitian metric h and the Higgs field Φ consider the flat connection ∇ 1 = ∇ + Φ + Φ * . Fix a point p ∈ M and a unitary frame at p of the rank 2 vector space V p = C 2 . Through parallel transport we obtain an equivariant frame Ψ := (e 1 , e 2 ), on the universal covering M → M and
h(e 1 (q), e 1 (q)) h(e 1 (q), e 2 (q)) h(e 2 (q), e 1 (q)) h(e 2 (q), e 2 (q)) ∈ {H ∈ SL(2, C) |H T = H} is then the corresponding equivariant harmonic map into the hyperbolic 3-space
where {H ∈ SL(2, C) |H T = H} + is the component of {H ∈ SL(2, C) |H T = H} which contains the identity matrix. If h is the standard hermitian metric on C 2 , then the map H is just given by
where A T means the transpose of the matrix A.
Definition 5.1. Let M be a compact Riemann surface, and U ⊂ M be an open dense subset. Let (∇, Φ, h) be a solution of the self-duality equations on U . We say that the solution converges to ∞ for p → ∂U if the corresponding equivariant map H converges to the boundary of H 3 .
Remark 5.2. The above convergence is well-defined, since going to the boundary of H 3 is invariant under the action of SL(2, C). With respect to the matrix model the condition just means that the operator norm (with respect to the standard hermitian metric on C 2 ) of the matrix H goes to ∞ as p → ∂U .
There is a further useful description of H 3 (see also [2, Chapter 2]): consider a totally geodesic 2-sphere in the 3-sphere S 2 ⊂ S 3 . The complement S 3 \ S 2 consists of two 3-dimensional hemispheres, and each of them can be equipped with the hyperbolic metric. For explicit computations we use the stereographic projection of S 3 determined by a point p ∈ S 2 ⊂ S 3 such that S 2 \ {p} is mapped to R 2 × {0}. The hyperbolic metric on the two (3-dimensional) half planes is then given by
The isometry between the matrix and the half-plane model is given by
In this setup, a map goes through the ∞-boundary of H 3 (away from the base point p of the stereographic projection) in first order, if the third component z in the half plane model gets 0 as a regular value. The action of the isometry group P SL(2, C) of the hyperbolic 3-space extends to an action on S 3 by conformal transformations. Restricted to the boundary S 2 = CP 1 we obtain the action of the Moebius group. In the light cone model, the conformal transformations of S 3 are given by the (standard) inclusion
We then have the following geometric interpretation of Theorem 4.5. Remark 5.4. By construction, the Higgs fields of the real sections constructed in Theorem 4.5 are nilpotent. This implies the conformality of corresponding harmonic map on M , which means that f | U is a conformally parametrized equivariant minimal surface in the hyperbolic 3-space defined on the universal covering U → U .
The proof of the Theorem 5.3 relies on some properties of loop group factorizations. We thus briefly recall some basic definitions for loop groups first, for details see [26] . The factorization of an given element γ in the big cell into positive and negative loops is called Birkhoff factorization. It extends to the whole loop group by allowing a special middle term J , i.e., γ = γ + J γ − for every γ ∈ ΛSL(2, C). Though factorization is not unique, it can be normalized, e.g., for the case of γ in the big cell by fixing γ − (∞) = Id, where we use that γ − extends to CP 1 \D 1 .
A loop γ can be interpreted as transition function of a holomorphic rank 2 vector bundle V γ trivialized over U 0 := D 1+ǫ and
. Because γ maps into SL(2, C) the bundle V γ has trivial determinant. Moreover, if γ = γ + γ − lies in the big cell of ΛSL(2, C), then the holomorphic frame given by γ + on U 0 and γ
− is a trivializing frame of V γ , i.e, V γ is the trivial holomorphic C 2 -bundle over CP 1 . In the setup of the paper a loop, or rather its extension to a map defined on C * , is obtained by the family of gauge transformations g(λ) evaluated at x ∈ M which we denote by g x (λ). In this case we have U 0 = C and U ∞ = CP 1 \ {0}. Because the initial conditions of the generalized Whitham flow is particularly well understood, the bundles V gx that can occur are very limited. Proof. For ρ = 0 the Birkhoff factorization is well understood and explicitly given see [2] , or [17, 23] for the similar case of harmonic tori into S 3 . For solutions where the spectral curve Σ is a torus, the push-forward bundle of a degree 2 line bundle of the 2-fold spectral covering to CP 1 is either the trivial rank 2 bundle or the bundle O(1) ⊕ O(−1). Moreover, by integrable systems theory there exist a (real) group homomorphism from the torusM 0 into the Jacobian of Σ. In the case studied in this paper, Jac(Σ) is a complex 1-dimensional torus itself and the image of the group homomorphism has real dimension 1. The the exceptional cases x ∈M 0 where g ρ x induces the bundle O(1) ⊕ O(−1) has real dimension 1, since it corresponds to the preimage of the theta divisor under the real linear non-constant group homomorphism.
Then, the Lemma follows from the fact, that the gauge transformation g ρ (λ) satisfying (1.7) depends continuously on ρ. In particular, the set of points x ∈M ρ where g ρ x (λ) is not in the big cell is a smooth submanifold away from the branch points of the 2-fold coveringM ρ → CP 1 .
The following lemma is a special case of a standard result for holomorphic maps, but we are not aware of any reference which deals with the case of C k -maps. 
into the negative loop group such that for all y ∈ U g y = h
Proof. Because g x does not lie in the big cell, the induced vector bundle V x is of type O(1) ⊕ O(−1) by assumption. For y ∈ M consider the C k -family of holomorphic bundles V y given by the cocycle λg y (λ).
In particular,Ṽ x is of type O ⊕ O(2) and its determinant bundle has degree 2.
Using Riemann Roch and the assumptions on the bundle type, the space of holomorphic sections ofṼ y for any y ∈ M is complex 4-dimensional. Therefore, the space of holomorphic sections defines a C k vector bundleV over M of rank 4. Choose two local sections s 1 , s 2 ofV around x such that the two holomorphic sections
These sections s i are given by pairs of C 2 -valued holomorphic functions f i ± in the variables y ∈M ρ and λ ∈ U + = C or λ ∈ U − = CP 1 \ {0}, respectively. The frames for all y ∈ U . We omit the argument y of F ± in the following.
The determinants of F ± satisfy det(F + ) = λ 2 det(F − ), and det(F + ) is a polynomial of degree 2 in λ which has by continuity two simple zeros (close to λ = 0 and λ = 1) for y ∈ U close to x. Assume that there exist C k -families of gl(2, C)-valued polynomials P in λ and Q in λ −1 of degree 2 with the property that are holomorphic maps on C * into SL(2, C).
Then we have
+ gF − is a C k -family of holomorphic maps C * → SL(2, C). Using the formula for the inverse of a 2 × 2-matrix and the fact thatF for some matrices r k ∈ gl(2, C). Note that in this situation det(P ) = λ 2 det(Q), i.e., By the assumption that g x does not lie in the big cell we have r 1 (x) = 0. Together with (5.5) we thus obtain det(r i (y)) = 0 for all y ∈ U. Therefore, up to choosing U smaller, we can find suitable maps To complete the proof it remains to show the existence of the polynomials P and Q in (5.3). This is done pointwise in y ∈ U in the following Lemma, and the necessary C k version follows easily from the proof of the following Lemma.
Lemma 5.9. Let h : C → gl(2, C) be a holomorphic map such that det(h) = 0 is a polynomial of order ≤ 2d. Then there is a polynomial
of degree ≤ 2d such that det(P ) = det(h) and hP −1 extends holomorphically through the zeros of det(h).
Proof. We prove the Lemma by induction over the degree d of the polynomial det(h). For d = 0 we can choose P =Id and the assertion trivially holds. Assume that we can find a polynomial P k whenever det(h) has degree k ≤ d. gives a solution of the self-duality equations on U with respect to the standard hermitian metric on C 2 .
It remains to show that for p → ∂U the operator norm of the associated harmonic map H into the hyperbolic 3-space goes to ∞, and that H can be extended (after the glueing the two hyperbolic planes along its ∞-boundary S 2 ) to a smooth map f : M → S 3 .
Recall that the harmonic map H corresponding to the section s on a simply connected subsetŨ ⊂ U is given asF T F :Ũ −→ H Remark 5.10 (Higher solutions and Willmore surfaces). The higher solutions of Hitchin's self-duality equations constructed here come from isothermic Willmore surfaces that are locally but not globally CMC in a space form. Willmore tori in the 4-sphere are shown to form an integrable system in [5] . They are obtained through an associated family of flat SL(4, C)-connections ∇ µ for µ ∈ C * [9] . The associated family is encoded by the spectral curve Σ which is a 4-fold covering of CP 1 and possesses an additional involution σ if the taget is a 3-dimensional space form. The quotient Σ/σ is then a hyper-elliptic curve. In the case of isothermic Willmore tori this quotient is another CP 1 and the family of flat SL(4, C)-connections splits into the direct sum of two (gauge equivalent) rank 2 families of flat connections parametrized by λ ∈ Σ/σ, see [10] . The double covering of the µ-plane by the λ-plane corresponds to taking a square root. Therefore, the rank 2 associated family of flat connections obtained through this construction is invariant under a real involution covering either λ →λ −1 or λ → −λ −1 on CP 1 , i.e., it corresponds to the harmonic maps into the 3-sphere or the self-duality equations case. We expect more sophisticated real sections to emerge from Willmore tori where Σ/σ has non-trivial topology. Moreover, we want to remark that the rank 4 associated family of flat connections is admissible, i.e., it is of the simple form λ −1 Φ + ∇ + λΨ, while the rank 2 associated family cannot be of this type.
